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 ./ " X = {X1, X2, X3, X4}  R = {R1, R2, R3} 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R1 : 2X1 + X2 ⇀ X3 + X2
R2 : X3 ⇀ X4











 #   	 	 	 
   
	 R      
R1 R2 R3
X1 −2 0 0
X2 0 0 0
X3 1 −1 1
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x˙1 = f(y) + h2(x2)− g1(x1)− d1(x1)










x˙n−1 = gn−2(xn−2) + hn(xn)− gn−1(xn−1)− hn−1(xn−1)− dn(xn−1)
x˙n = gn−1(xn−1) + hy(y)− gn(xn)− hn(xn)− dn(xn)
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Chapters 2 and 3
Chapter 4
Chapter 5
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H(y) := 1 + γ (y + 1)h
Gx(x, y) := Fx(x, y)H(y)
Gy(x, y) := Fy(x, y)H(y)
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y˙ = 2x− 3(y+1)2
1+2(y+1)4
− y + 1

 (x, y) ∈ D = {(x, y) ∈ R2 | (x, y) ≥ (−1,−1)} 
  )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N0 = Ωx2+y2,α =
{
(x, y) ∈ R2|x2 + y2 ≤ α}
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x˙ = 3 (y + 1)2 − (1 + x) (1 + 2 (y + 1)4)
y˙ = −3 (y + 1)2 + (2x− y + 1) (1 + 2 (y + 1)4) .
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 N0 = Ωx2+y2,αmax  
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V = 3 h = 6 q = 1 γ = 1 gx(x) = 1.2x  gy(y) = y
1V = 3 h = 6 q = 2 γ = 2 gx(x) = 1.1x  gy(y) = y
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Closed−Loop System Step Response
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supxi>0 gi(xi) > supy>0
V yq
1+γyh








y0 | gy(y)− V yq1+γyh > , ∀y > y0
}
α1 := inf {x1|g1(x1) > δy + }
αi := inf {xi|gi(xi) > gi−1(αi−1) + } ,   i > 1.
8
Uy (x1, . . . , xn, y) := y +
∑n
i=1 2xi
η0 := β0 +
∑n
i=1 2αi
ΩUy ,η0 := {(x1, . . . , xn, y) ∈ Rn+1 | Uy (x1, . . . , xn, y) ≤ η0} .
C#
	
D1 := {(x1, . . . , xn, y) ∈ Rn+1 | 0 ≤ x1 ≤ α1}
Di := {(x1, . . . , xn, y) ∈ Rn+1 | 0 ≤ xi ≤ αi}
⋂
Di−1, i > 1
Dα,β0 := ΩUy ,η0
⋂
Dn.
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Ui (x1, . . . , xn, y) = xi.
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 ) C
1(Rn+1) 		/  x1 > α1
d
dt
U1 (x1, . . . , xn, y) =
V yq
1 + γyh
− g1(x1) < −.
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 xk > αk 	 (x1, . . . , xn, y) ∈ Dk−1
d
dt
Uk (x1, . . . , xn, y) = gk−1(xk−1)− gk(xk) ≤ gk−1(αk−1)− gk(xk) < −.
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Uy (x1, . . . , xn, y) = y +
∑n
i=1 2xi
η0 = β0 +
∑n
i=1 2αi.
 (x1, . . . , xn, y) ∈ ΩcUy ,η0
⋂
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˙˜y = 2g˜n(x˜n)− f˜(y˜)− g˜y(y˜)
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Normalized Radius of RoA
4D Model                
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x˙1 = f(y)− g1(x1)




x˙n = gn−1(xn−1)− gn(xn)
y˙ = 2gn(xn)− f(y)− gy(y)
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y˙ = 2w − f(y)− gy(y)
z = f(y)
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LS1U1(x) < z2 + 2δwz − κw2, ∀(x, z) 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 hˆ = γ
γ+1
h σ = −∂f
∂y
|y=0 = ry(hˆ − q) ky = ∂gy∂y |y=0 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(f(ξ) + gy(ξ))dξ !@/  %
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U1 : R
n → R  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LS1U1(x) ≤ z2 − w2, ∀ (x, z) !@/ %
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= 2g1(x1) (z − g1(x1)) +
∑n
i=2 2gi(xi) (gi−1(xi−1)− gi(xi))




(−g2i−1(xi−1) + 2gi(xi)gi−1(xi−1)− g2i (xi))
= − (z − g1(x1))2 −
∑n
i=2 (gi−1(xi−1)− gi(xi))2 + z2 − w2
≤ z2 − w2. 
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y > 0 | − 1
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|y=0 < 13 ∂gy∂y |y=0
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(f(ξ) + gy(ξ)) dξ !@/ >%
 ) 	 	 N0 	
LS2U2(y)− w2 + z2 = ∂U2∂y y˙ − w2 + f 2(y)
= ∂U2
∂y





























2 + f 2(y) < 0 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N0 = {y | y > −1} 
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ATP + PA ≺ 0.
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/  δ > 0 	
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−k1 0 · · · 0 −1
k1 −k2 0 0
/
/
/ · · · ///
0 0 −kn 0








   ,  	 , P˜  0  
A˜T P˜ + P˜ A˜ ≺ 0. !@/A%
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	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 0/  	

























⎣ ATP + PA PB − δCT
BTP − δC −1
⎤
⎦









⎣ ATP + PA PB − δCT











Px + xTP (Ax + Bz)− 2δ (Cx) z − z2 < 0.
$






Px + xTP (Ax + Bz)− 2δ (Cx) z − z2 ≤ 0, 
	  U1(x) = x
TPx   !@/ $%  !@/ C%/
( $./ 3 	  ) U1  	
	 A˜     
!@/A% 
   P˜  ,% !@/A%   " %  	  =
	    
  
! % ",       

>./ /8? 
 $.'/ , 0 < δ ≤ 1
2
θ(n)  
 !   ) 	 U1 :
R
n → R  )  %  !@/ C% ∀ (x, z) 
 S1      !@/>% 
  	   C1 	 
x˙1 = −z˜ − g1(x1)










x˙n = gn−1(xn−1)− gn(xn)
˙˜z = 2δgn(xn)− z˜
!@/@%
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	 F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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  % *    !@/@%  ,
		 di > 0 1 ≤ i ≤ n + 1  















   8	) 		 // ∀ (x, z˜) = 0
d
dt
U˜1 (x, z˜) < 0.
7   	 + dn+1 = 1 	  z = −z˜ 	 ∀ (x, z) = 0 	
0 < δ < 1
2
θ(n)
0 > LC1U˜1 (x,−z) = LS1U1(x)− z (2δgn(xn) + z)
= LS1U1(x)− 2δwz − z2
' 		 	 δ *    0 < δ ≤ 1
2
θ(n)
LS1U1(x) ≤ 2δwz + z2. 
 $.#/ , 
    !@/C% q < hˆ < hˆd(n)  
 !   

   
 N0   	 U2 : R→ R  )  N0 
) % !@/ #% 
 δ = 1
2




y > 0 | − δ
1 + δ
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   	 y  *    f  *	   
− δ
1+δ
gy 	  (	 , ! @/#%/ 4	
∂f
∂y
|y=0 = ry(q − hˆ) 	 ∂gy∂y |y=0 =
ky > 0







|y=0 < δ1+δ ∂gy∂y |y=0
hˆ > q ⇒ ∂f
∂y
|y=0 < 0.
4 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 		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  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	 N0 ⊂ Dy ∪ {0}/ 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 @/#2    N0     	  *    f  	 
 *	    − δ
1+δ
gy 	  (	 ,/    	+  
* ( 	/
 ) 	 	
LS2U2(y) + 2δwz + z2 = ∂U2∂y y˙ + 2δwf(y) + f 2(y)
= −δf(y) (2w − f(y)− gy(y)) + 2δwf(y) + f 2(y)
= (δ + 1) f 2(y) + δg(y)f(y)
' (δ + 1) f 2(y) + δg(y)f(y) < 0  ∀y ∈ Dy 	 
LS2U2(y) < −z2 − 2δwz, ∀w, ∀y ∈ N0\{0} . 
8 U(x, y) := U1(x) + U2(y)  U1 	 U2  	 	 !@/B% 	 !@/>% 
δ = 1
2
θ(n) 	  N0   	 	   8 @/>/
  $.'/ , 0 < hˆ < hˆd(n) 
  β 	  ΩU,β ⊂ Rn×N0 ΩU,β  

    
  
	   
 
   !@/B% 
  "  		  
	 @/A 8 @/B 	 8 @/>/
( $.$/ (
 < .   	 	   hˆr  hˆd(n)
 hˆ  
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      
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  * 	 	 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LSU(x, y) < 0, ∀(x, y) ∈ ΩU,β\{0, 0}.

 
	   	  
    
  
	 	 
ΩU,β1  ΩW,β2 
 
   
  




 !   q ≤ hˆ ≤ hr   	  ΩU,β   "
	    
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  	  !@/B% 	 S1 	 S2 )  	)		 *  	 
+ 	 8	) 		 / *   U(x, y) = U1(x)+U2(y) x ∈ Rn
y ∈ R/   	, 	 ,	  	(	  S1 	 S2 	 * 
      8	) 		   	(	   !@/B% 	
* 	 	   		 U1 	 U2 	 !@/B% 	!@/>% )/  
	(	   !@/>%  )	  !@/ $% 	   	(	  S2 
y˙ = a2y + 2w
z = −σy
!@/C%
* σ = −∂f
∂y
|y=0 = ry(hˆ− q)  a2 = −ky + σ/   	(	  !@/B%  )	 



















  $.#/ , 
 !  )  
	 P1 ∈ Rn×n  p2 ∈ R1×1









 !  ) %
	 	 U1 : R
n → R U2 : R → R 
δ = σ
ky−σ 	 
LS1U1(x) < z2 + 2δwz, ∀x, z
LS2U2(y) ≤ −z2 − 2δwz, ∀y, w












Q := JTP + PJ
=
⎡
⎣ ATP1 + P1A 2p2CT − σP1B
2p2C − σBTP1 2a2p2
⎤
⎦ ≺ 0. !@/$%
D  !@/$%   a2 < 0 	  α > 0/  	 ∀y, w
LS2U˜2(y) = 2p2a2y2 + 4p2yw
= −ασ2y2 + 2δ˜σyw









































 	 Q1 ≺ 0 	 Q ≺ 0 ! 	 	    )   	%
	 
LS1U˜1(x) < αz2 + 2δ˜wz, ∀x, z. !@/A %
4	 α > 0, 	 !@/A% 	 !@/A %   U1(x) :=
1
α




LS1U1(x) < z2 + 2δwz, ∀x, z
LS2U2(y) ≤ −z2 − 2δwz, ∀y, w




-  )  
 $.&/ , ki = k ∀i 
 !@/ $%  
 !   ) U1(x) =




 !    
!
P˜1  0 	  U˜1(x) = xT P˜1x ) !@/ C% 
  8 LL1   8 ))   !@/ $% 	 W (x) = kU1(x) 	
  x, z





⎣ ATkP1 + kP1A kP1B − δkCT































−k 0 · · · 0 0 1










0 0 −k 0 0
0 0 k −k 0











−k 0 · · · 0 0 −1










0 0 −k 0 0
0 0 k −k 0








'  δ > 0 M    	 	  δ < 1
2
θ(n) F@AG/   M  





< kz2 + 2δkwz

D, * *  
∂
∂xi
gi(xi)|0 = k ∀i 	  hˆ > hˆd(n)   	 
+ 	 8	) 		 U(x, y) = U1(x) + U2(y)   !@/#% !






 @/$2 	   	 	  n2 = 3/
  $.&/ ,
∂
∂xi
gi(xi)|0 = k ∀i  !@/B%  
 hˆ > hˆd(n) 
  
%
	 	  " 	 U(x, y) = U1(x)+U2(y) 
   !@/#% 
  "   hˆ > hˆd(n) > q 	  U(x, y) = U1(x) + U2(y)
,   !@/#%/ ' 
	 @/>  , U˜1 = x
TP1x 	 δ =
σ
ky−σ
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 	  + 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7 	  !@/B%  + 				    S1 	 S2 
*	 	  @/> * S1 	 R
n1
	 S2 	 R
n2
 n1 + n2 = n + 1 ! 	
 @/$  n2 = 3%/ 4 S1  )	 



















1 0 · · · 0
]T
	 m = n2 − 1/ 4 S2  )	 
ψ = F2(ψ) + B2w
z = G2(ψ)
!@/AA%
















2 0 · · · 0
]T
.





	  !@/B%/ 8 LS LS1 	 LS2   8 ))   
!@/B% !@/A% 	 !@/AA% )/ 4   ) 	 *
   	 N2 ⊂ Rn2   	 	 ) 	 		
U1 : R
n1 → R 	 Rn1 	 ) 	 		U2 : Rn2 → R 	 N2  
LS1U1(ζ) ≤ ρ(w, z), ∀ (ζ, z) ∈ Rn1 ×R !@/A@%
LS2U2(ψ) ≤ −ρ(w, z), ∀ (ψ,w) ∈ N2 × R. !@/AB%
  
* ρ : R2 → R     (  δ 	 κ
ρ(w, z) := z2 + 2δwz − κw2.
	
U(ζ, ψ) := U1(ζ) + U2(ψ), !@/A>%
	 β   
ΩU,β ⊂ Rn1 ×N0.
" 	 	  
	 @/A /
  $.6/ ΩU,β  
 
  *  !@/B%      %
 !@/#% !@/$%  
	  ΩU,β      
  
	   

 !@/B% 
  4    
	 @/A/ 
"   F2  	 * 	   U1, U2 	 	(	   4-
 	 4?4 ,	  	 4	 A/A/ 8 F2(ψ) =
n2(ψ)
d2(ψ)
 * d2(ψ) > 0
 ψ ≥ 0 	 	 N2  	  )    ) 	 -
	 		 ϕ2 * ϕ2(0) = 0 	  )  // N2 = Ωϕ2,R2 =
{x ∈ Rn2 | ϕ2(x) < R2}/   		 4?4   		 U1 	 U2 
U1(ζ)− ζT ζ  4?4
− ∂
∂ζ
U1(ζ) · (F1(ζ) + B1z) + ρ(z,G1(ζ))− ζT ζ  4?4
!@/AC%
	





U2(ψ) · (F2(ψ) + B2w)− ρ(G2(ψ), w)
}
+d2(ψ)s2(ψ,w) (ϕ2(ψ)−R2)− ψTψ  4?4
!@/A#%
* s1, s2  4?4 	/    Ωϕ2,R2 	   ) 
+	 ϕ2 = U2 	 	 	-* =	 	 F@ G/   * 
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 A  * gi(xi) = kxi i = 1, 2 q =
1, ∂
∂y
gy(y)|0 = 1/   (2, 1)-	 	 	    	 8	)
	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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 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	) 	 4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 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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  2α2 
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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 	 	 4?4 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 α1   
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  S1    !// * 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 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Closed−Loop System Step Response
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y˙ = (2− α(x))m(x)− V yq
1+γyh
− gy(y).
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Normalized Radius of RoA
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u + ay ⇀f x1 g1h2 x2 
g2
h3
· · · gn−1hn xn gnhy (a + b) y ⇀gy ϕ
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ϕ ϕ ϕ
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x˙1 = f(y) + h2(x2)− g1(x1)− d1(x1)










x˙n−1 = gn−2(xn−2) + hn(xn)− gn−1(xn−1)− hn−1(xn−1)− dn(xn−1)
x˙n = gn−1(xn−1) + hy(y)− gn(xn)− hn(xn)− dn(xn)
y˙ = 2gn(xn)− f(y)− 2hy(y)− gy(y),
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f(y¯) = g1(x¯1) + d1(x¯1)




gn−1(x¯n−1) = gn(x¯n) + dn(x¯n)
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gy(yi)|1 ry := ∂∂yhy(y)|1,
















−m1 r2 0 · · · 0 0 V0(q − hˆ)
k1 −m2 r3 0 0 0










0 0 0 −mn−1 rn 0
0 0 0 kn−1 −mn ry
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 hˆs := q − kyV0  , hˆs < hˆ ≤ hˆr 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D :=  {η1, . . . , ηn, 0} 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−k1 r2 0 · · · 0 2V0(q − hˆ)
k1 −k2 − r2 r3 0 0










0 0 0 −kn − rn 2ry
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ky − V0(q − hˆ)
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JT0 P + PJ0 = −In+1
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JTP + PJ = (J0 −D)T P + P (J0 −D)
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= −In+1 − (DTP + PD)
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y˙ = 2gn(xn)− 2hy(y)− f(y)− gy(y)
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f(y) =
V (y + 1)q




4 !B/#% 	   	  + 				  *  S1
	 S2/ 4 S1   LL n-		 	-  	 
x˙ = F (x) + Bz
w = gn(xn)
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* y ∈ R/
 	 	    ρ : R3 → R (  δ1 δ2κ1 	 κ2
ρ(w, z1, z2) := w
2 − 2δ1wz1 − 2δ2wz2 − κ1z21 − κ2z22
 @
	 	
C1(δ1, δ2) := 2δ1σ − 2δ2c2 + (2c2 − σ + c1)
C2(δ1, δ2, κ1, κ2) := c
2
1 + 4c1c2 + 4c
2
2 − 2c1σ − 4c2σ + σ2
−4κ1σ2 − 4κ2c22
+4δ1 (c1σ + 2c2σ − σ2)
+4δ2 (c2σ − 2c22 − c1c2)
v1(y) := 2 (δ1f(y) + δ2hy(y))− (2hy(y) + f(y) + gy(y))





* c1 = ky, c2 = ry 	 κ1, κ2 > 0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 y ∈ N0  w ∈ R
U2(y) > 0 
∂U2
∂y
(2w − 2hy(y)− f(y)− gy(y)) < ρ(w, f(y), hy(y)) !B/$%
 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y ∈ R | − v1(y)y > 0  v21(y)− 4v0(y) > 0
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(2w − 2hy(y)− f(y)− gy(y))














































v1(y)|0 = −C1 (δ1, δ2)
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2 − C1 (δ1, δ2) p + a0,




2 > 0/ D 
C2(δ1, δ2, κ1, κ2) = (C1 (δ1, δ2))
2 − 4a0.
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 C2(δ1, δ2, κ1, κ2) > 0 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C1 (δ1, δ2) .
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